A quantum field theory has finite zero-point energy if the sum of m n b over all boson modes b equals the sum of m n f over all fermion modes f for n = 0, 2, and 4. The zeropoint energy of a theory that satisfies these three conditions with otherwise random masses is huge compared to the density of dark energy. But if in addition to satisfying these conditions, the sum of m 4 b log m b /µ over all boson modes b equals the sum of m 4
Introduction
The vacuum energy of a generic, noninteracting, exactly soluble quantum field theory is quartically divergent. But theories in which the sum of m n b over all boson modes b equals the sum of m n f over all fermion modes f for n = 0 and n = 2 
have zero-point energies that are at most logarithmically divergent. In these sums over modes, the Higgs occurs once, the photon twice, the W + three times, and the electron-positron field four times. Theories with suitably broken supersymmetry satisfy these conditions [1, 2] , but the particles of the standard model plus the graviton do not:
It is shown in section 2 that if the three conditions 
then its zero-point energy vanishes. This condition is independent of the value of the mass parameter µ when the boson and fermion masses obey condition (3) for n = 4. I do not know of a symmetry principle that implies the third condition (3, n = 4), let alone the fourth condition (4) .
The numerical examples of section 3 show that theories whose boson and fermion masses obey the three conditions (3, for n = 0, 2, and 4) but are otherwise random have zero-point energy densities that while finite are 48 orders of magnitude greater than the density of dark energy ρ de = (7.9 × 10 −4 eV) 4 = 8.3 × 10 −10 J m −3 . Presumably a symmetry principle makes the zero-point energy density ρ 0 tiny or makes the masses obey the fourth condition (4) so that ρ 0 vanishes.
In most theories, the energy density of the vacuum is due to interactions as well as to zero-point energies. Section 4 relates the divergences of the interactions to pseudomass terms and discusses the energy density of the vacuum the way section 2 discusses zero-point energy densities. It is suggested in section 5) that ordinary matter, dark matter, and dark energy are aspects of a single inclusive theory whose masses and pseudomasses satisfy four conditions that generalize the four conditions (3 and 4) . In such an inclusive theory, the energy density of the vacuum would be finite and due to the interactions and not to the zero-point energies. Dark energy would be the potential energy of the inclusive theory, a kind of quintessence [3, 4] .
Zero-point energies that cancel
The zero-point energy density of a bosonic mode of mass m is the K → ∞ limit of the integral
The zero-point energy density of a fermion mode is the same integral apart from an overall minus sign. Zero-point energies cancel between bosons and fermions of the same mass. Let us consider a theory that obeys the three conditions (3):
1. The number of boson modes is the same as the number of fermion modes
2. The sum of the squares of the masses of the bosons is the same as sum of the squares of the masses of the fermions
3. The sum of the fourth power of the masses of the bosons is the same as the sum of the fourth power of the masses of the fermions
I will refer to these conditions as conditions 1, 2, and 3. Inserting unity in the form 1 = µ/µ into the logarithm of the integral (5), we have
The expansion of this integral in powers of m is
in which the dots indicate terms with higher powers of m 2n+4 /K 2n . The quartically divergent term πK 4 /2 cancels in theories that satisfy the first condition, that the number of boson modes is equal to the number of fermion modes. The quadratically divergent term πK 2 m 2 /2 cancels in theories that obey the second condition, that the sum of the squared masses of the bosons is the same as the sum of the squared masses of the fermions. The logarithmically divergent term − (πm 4 /4) log(2K/µ) cancels when the sum of the fourth power of the masses of the bosons is the same as that of the fermions. The finite term (π/4)m 4 log(m/µ) does not cancel in general. The higher powers proportional to m 2n+4 /K 2n vanish in the limit K → ∞. The zero-point energy density ρ 0 of a theory that obeys these three conditions (3 = 6, 7, 8) is the difference of the two sums
The energy density ρ 0 is independent of the arbitrary energy scale µ because of condition
It follows that if the masses of a theory obey not only the three conditions (3) but also the condition 4 (4)
then the zero-point energy of the theory vanishes. This condition is independent of the value of the mass parameter µ because of condition 3 (8)
Incidentally, the fourth condition (4) is equivalent to the equality of the products
Numerical Examples
A single Majorana fermion of mass m has two modes, spin up and spin down. Condition 1 requires two spin-zero bosons. Conditions 2 and 3 then are 2m 2 = µ 2 1 +µ 2 2 and 2m 4 = µ 4 1 +µ 4 2 . The only solution is µ 1 = µ 2 = m. The total zero-point energy density (11) of this theory is ρ 0 = 0.
A more interesting case is that of two Majorana fermions, one of mass m 1 and the one of mass m 2 . Canceling the K 4 divergence of the integral (10) requires four bosonic modes, for instance, four spinless bosons of masses µ 1 , µ 2 , µ 3 , and µ 4 . One may cancel the remaining divergences of the integral (10) by imposing conditions 2 and 3:
We can satisfy condition 2 by setting
as long as µ 2 4 ≥ 0. Condition 3 then requires that
We set
Its solutions are
in which we use the ± sign that makes µ 2 3 ≥ 0. If µ 2 4 is given by equation (17), and µ 2 3 is given by equation (22), and both are positive, then the zero-point energy density (11) of the theory will be
(23) Figure 1 displays 2,310,620 values of this energy density for 10 million random values of the fermion masses m 1 and m 2 and of the boson masses boson masses µ 1 and µ 2 all within the interval (0,10) GeV. About 23% of the random masses give positive values for µ 2 3 and µ 2 4 . Small values of ρ 0 are possible as shown in Fig. 2 , but only 68,038 values are within the range −1 < ρ 0 < (1 GeV) 4 . And this density (1 GeV) 4 is greater than the actual value of the density of dark energy, ρ de = (7.9 × 10 −4 eV) 4 , by 48 orders of magnitude.
The algebra of the second example also applies to a theory with 2n Majorana fermions (or n Dirac fermions) and 4n scalar bosons. Let s 2 and s 4 be the sums of the second and fourth powers of the fermion masses in which the factor of 2 counts the two spin states of the Majorana fermions. Let σ 2 and σ 4 be the sums of all but two of the second and fourth powers of the boson masses
Then we set α = s 2 − σ 2 and β = s 4 − σ 4 (26)
We use the greater of the two solutions
The the value of µ 2 4n then is (283 GeV) 4 which is 58 orders of magnitude greater than the density of dark energy.
associate a logarithmic pseudomass m log = 2β/ √ π with a fictitious boson if the vacuum energy is negative or with a fictitious fermion if the vacuum energy is positive. One then would generalize condition 3 (8) to
A theory that has the same number of boson modes as fermion modes with masses that obey condition 4 (4) and that has masses and pseudomasses that obey conditions (30 and 31) has a vacuum energy density that is finite and that is entirely due to the interactions of the theory.
Inclusive theories
The particles of the standard model do not remotely satisfy the two conditions (6 & 7), let alone the third condition (8) or the fourth condition (13). To check the first condition, we count the number of boson modes in the standard model. The graviton and the photon have 4. The 3 heavy gauge bosons have 9. The gluons have 16. The Higgs has 1. So the boson total is 30 (or 28 if we leave out gravity). How many fermion modes are there? If the neutrinos are Dirac, then they have 12. (Incidentally, even if the low-mass neutrinos turn out to be Majorana, they should have heavy Majorana brothers because before weak symmetry breaking the neutrinos and charged leptons formed SU (2) doublets.) The charged leptons also have 12. The quarks have 72 = 3 (12 +12). So the total number of known fermion modes is 96. The standard model has 66 more fermion modes than boson modes; it has more than three times as many fermion modes as boson modes. I suggest that the particles of dark matter and those too heavy to have been detected at the LHC have 66 more boson modes than fermion modes. Many theories of grand unification add gauge bosons and scalar fields but few if any extra fermions to the standard model.
To check the second condition (7), we compute the sums of the squares of the masses of the particles of the standard model. Dark matter, dark energy, the particles of the standard model, and all particles not yet detected may be different aspects of a single inclusive theory. The inclusive theory should have as many boson modes as fermion modes so that the quartic divergences cancel. The inclusive theory should also obey the second condition (7) when an appropriate pseudomass term representing a possible quadratic divergence of the vacuum energy due to the interactions is included. The quadratic divergence of the vacuum energy then vanishes. The inclusive theory should also obey the third condition (8) when an appropriate pseudomass term representing the logarithmic divergence of the vacuum energy due to the interactions is included. The vacuum energy density of the inclusive theory then is finite but probably huge compared to the dark-energy density ρ de . Finally the inclusive theory should obey the fourth condition (4) so that the vacuum energy is not only finite but also entirely due to the interactions. Dark energy then would be the finite potential energy of the interactions of the inclusive theory. The particles of dark matter would be among those particles that must be added to the standard model so that the inclusive theory obeys conditions 1 (6) and 4 (13) and also conditions 2 (7) and 3 (8) when appropriate pseudomass terms are included.
